Published by Institute of Physics Publishing for SISSA/ISAS Received: October 17, 2003 Accepted: November 25, 2003

Massless localized vector field on a wall in D = 5 SQED with tensor multiplets

Youichi Isozumi, Keisuke Ohashi and Norisuke Sakai

Department of Physics, Tokyo Institute of Technology Tokyo 152-8551, Japan E-mail: isozumi@th.phys.titech.ac.jp, keisuke@th.phys.titech.ac.jp

nsakai@th.phys.titech.ac.jp

Abstract: Massless localized vector field is obtained in five-dimensional supersymmetric (SUSY) QED coupled to tensor multiplets as a half BPS solution. The four-dimensional gauge coupling is obtained as a topological charge. We also find all the (bosonic) massive modes exactly for a particular value of a parameter, demonstrating explicitly the existence of a mass gap. The four-dimensional Coulomb law is shown to hold for sources placed on the wall.

Keywords: Field Theories in Higher Dimensions, Extra Large Dimensions, Gauge Symmetry, Extended Supersymmetry.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep112003061 /jhep112003061 .pdf

Contents

1. Introduction 1

2. Our model with tensor multiplets 3

3. Massless localized vector field from the tensor field 6 3.1 A lagrangian for the 2-form tensor fields 6 3.2 Massless modes and localization 7 3.3 Mass spectrum and four-dimensional effective lagrangian 11

4. Four-dimensional Coulomb law 14

5. Discussion 15

A. Massive modes 17

1. Introduction

Brane-world scenario has raised a new possibility to obtain unified theories beyond the standard model [1]–[3]. To realize the brane-world scenario, it is necessary to localize standard model particles on topological defects such as domain walls. It has been a longstanding problem to obtain a massless vector field localized on a wall. If we implement the Higgs mechanism in the bulk and restore the gauge symmetry on the wall, we can in fact localize the vector field on the wall. However, it has been pointed out that superconducting bulk will absorb flux coming out of the source placed on the wall. Therefore these flux will not reach beyond the width of the wall even in the direction along the world volume of the wall. This screening implies that the vector field should have a mass of the order of the inverse width of the wall [4, 2]. This general argument are confirmed by explicit examples such as [5, 6]. Then one is naturally led to consider a dual picture as an appropriate setting. If a vector field is confined in the bulk and deconfined on the wall, the flux coming out of a source should be repelled from the wall, producing a four-dimensional Coulomb law in the world volume of the wall. This mechanism of massless localized vector field has been argued, and a toy model in four-dimensions has been proposed [4]. This is a nice general idea, but a concrete model had to use the nonperturbative effect to confine vector field, which is not at all obvious to work in higher dimensions such as five dimensions. Another mechanism that has been proposed was to use gravity. It has been shown that vortex together with the warp factor of gravity are needed to obtain a massless localized vector field [7]–[9]. It is perhaps more desirable to obtain a model which gives a massless localized

– 1 – vector field even in the limit of vanishing gravitational coupling, since the gravitational effects are known to be small. Another model [10] generalized the idea of induced gauge field by quantum effects [11]. This idea is old [12] and attractive, but is rather difficult to obtain a reliable approximation scheme for such a quantum effects.

Taking a massive N = 2 SUSY QED in four-dimensions as a toy model, it has been argued that a massless localized gauge field W_μ is obtained by dualizing the massless Nambu- Goldstone scalar ϕ in the three-dimensional effective theory 2∂_{[μ}W_{ν]} = ϵ_{μνρ}∂^ρϕ [13].^1 This is certainly an intriguing result, but is difficult to generalize to our realistic situation of higher dimensions, since the gauge field is dual of a compact scalar only in three-dimensional space-time. In five dimensions,^2 a straightforward application of the electromagnetic duality for a vector field W_M should give a tensor (two form) field B_{MN} F_{MNL}(B) = 1 2 ϵ_{MNLP Q}F^{P Q}(W ), (1.1) where the field strengths are defined by

F_{MNL}(B) ≡ 3∂_{[M} B_{NL]} , F_{MN} (W ) ≡ 2∂_{[M} W_{N]} . (1.2)

An interesting approach has been proposed using tensor field to obtain a massless localized vector field [14]. They assumed that a tensor field in five dimensions couples to some physically motivated wall configuration which is given and fixed externally, and argued for a (quasi-)localization and the charge universality in generic terms.

The purpose of our paper is to give a concrete supersymmetry (SUSY) model (with eight supercharges) including tensor multiplets together with a vector and hypermultiplets in five dimensions, in order to construct a fully consistent model for a massless localized vector field. We find a wall and a massless vector multiplet localized on the wall as a consistent solution of the equations of motion. Since our wall configuration preserves half of SUSY [6], we obtain a Massless U(1) vector multiplet in the N = 1 SUSY fourdimensional effective theory. We find that the four-dimensional gauge coupling is expressed as a topological charge associated with the wall. Moreover, we obtain not only the massless mode but also massive modes of the vector multiplet exactly in one choice of a parameter. By introducing a static source, we show that the four-dimensional Coulomb law of the usual minimal electromagnetic interaction is reproduced. Our mechanism has some similarities to that in Ref.[14], such as the generic nature of the mechanism of the massless localized vector multiplet. However, we have a fully consistent model including the wall and the massless localized vector field as solutions of equations of motion, without an ad hoc assumption for the wall as a given external configuration. Moreover we start from a SUSY theory in five dimensions, resulting in an N = 1 SUSY effective low-energy theory.

In section 2, our model with the tensor multiplet is introduced. In section 3, massless localized vector field is obtained. All the massive modes are also found for a particular value of a parameter. An effective lagrangian containing all massive modes is also worked

1Antisymmetrization of indices are denoted by brackets. We use the convention to divide by the number of terms in the antisymmetrization such as ∂_{[M} W_{N]} ≡ (∂M WN − ∂N WM )/2.

2We will denote the five-dimensional indices by capital Latin characters M, N = 0, 1, . . . , 4 and fourdimensional indices by Greek characters μ, ν = 0, 1, 2, 3.

– 2 – out to the quadratic order. In section 4, the four-dimensional Coulomb law is obtained between sources placed on the wall. In section 5, a possible generalization (without SUSY) to arbitrary space-time dimensions is proposed and a number of remaining issues are noted. Some details of massive mode functions are given in appendix.

2. Our model with tensor multiplets

It has been known that tensor multiplets can couple to vector multiplets in five-dimensional SUSY theories. On the other hand, a five-dimensional SUSY model with hypermultiplets coupled to a U(1) vector multiplet can give a domain wall as a half BPS solution, producing a wall configuration for the vector multiplet scalar Σ [6]. To build a wall, we introduce a U(1) vector multiplet, whose bosonic components are gauge field W_M , scalar field Σ, and SU(2)_R triplet of auxiliary fields Y^a, a = 1, 2, 3. We also need hypermultiplets, whose bosonic components are SU(2) doublets of scalar fields H^{iA}, and auxiliary fields F^A_i , with the i = 1, 2 and A is the flavor indices of hypermultiplets. The number of SUSY vacua is equal or less than the number of hypermultiplets. To obtain a single wall solution, we take the number of hypermultiplets to be two, for simplicity : A = 1, 2. It has been shown that these two types of multiplets suffice to produce a wall in five dimensions preserving half of SUSY (a 1/2 BPS state) [6]. Our lagrangian consists of two terms, L_{wall} to produce a wall, and L_T to obtain a coupling of tensor multiplets with the vector multiplet

L_{total} = L_{wall} + L_T . (2.1)

As a concrete example, bosonic part of our lagrangian for the wall reads

L_{wall}|_{bosonic} = − 1 4 F_{MN} (W )F^{MN} (W ) + 1 2 ∂^M Σ∂_M Σ + D_M H^†_{iA}D^M H^{iA} − (2.2)

−H^†_{iA}(g_hΣ − m_A)^2H^{iA} + 1 2 (Y^a)^2 − g_hζ^aY^a + H^†_{iA}(σ^ag_hY^a)^i_j H^{jA} + F^{†i}_A F^A_i ,

where g_h denotes the hypermultiplet gauge coupling including its charge, D_M = ∂_M + ig_hW_M , and covariant derivative and ζ^a are the SU(2)_R triplet of Fayet-Iliopoulos parameters.^3 Without loss of generality, we assume ζ^a = (0, 0, ζ > 0), and m_A = (m_h, −m_h). It has been known for sometime that the above lagrangian admits BPS single and multiple domain wall solutions in the limit of infinite gauge coupling, where the vector multiplet becomes just a Lagrange multiplier and the model reduces to a nonlinear sigma model with only hypermultiplets as physical degrees of freedom [15, 16]. However, we wish to retain the vector multiplet as a dynamical degree of freedom, rather than a Lagrange multiplier field. For that purpose, recently obtained exact solutions of BPS domain walls for discrete finite values of gauge coupling are extremely useful [6]. As the simplest case, we have shown that the exact solution of a single wall is obtained for a finite coupling

g^2_hζ = 2m^2_h . (2.3)

3We changed the normalization of the vector multiplet by g_h from ref. [6] to make the kinetic term canonical.

– 3 –

Apart from the vicinity of the wall, the charged hypermultiplets takes nonvanishing value, and the U(1) gauge symmetry is broken spontaneously in the bulk. The vector multiplet scalar Σ also exhibits a kink-like behavior interpolating between two vacua Σ = ±m_h/g_h Σ = m_h g_h tanh(m_hy) . (2.4)

We find that the energy density is concentrated around y = 0 [6].

We wish to emphasize the general nature of our mechanism to localize a massless vector field. We only need a wall configuration for the scalar field Σ of a vector multiplet which couples to our tensor multiplets. Our explicit model for a wall is just to show that there is a consistent theory including all ingredients, in particular with SUSY. To emphasize this point, in the most part of this paper, we use only the following information on the background domain wall configuration : background value of the scalar field of the vector multiplet, ⟨Σ⟩, satisfies the BPS equation, ⟨Σ⟩^′ ≡ d⟨Σ⟩ dy = ⟨Y^3⟩ , ⟨Y^1⟩ = ⟨Y^2⟩ = 0 , (2.5)

where,^4 Y^{ij} =

∑_3 a=1 Y^a(iσ^a)^i_kϵ^{jk}, and the ⟨Σ⟩ depends on only the coordinate y, and approaches two different values at left and right spacial infinity y → ±∞, like the configuration (2.4). Furthermore, we assume the four-dimensional Lorentz invariance on the world volume, resulting in ⟨W_M ⟩ = 0. Whenever an explicit model becomes useful, we will always use our simplest exact solution in eq. (2.4).

In an off-shell formulation of SUSY (and Supergravity) in five dimensions, two supermultiplet containing the antisymmetric tensor field B_{MN} can appear. One of the supermultiplets is called tensor gauge multiplet, whose B_{MN} is massless and admits gauge transformations by one-form, δB_{MN} = 2∂_{[M} Λ_{N]}. The other supermultiplet is called the large (massive) tensor multiplet, whose bosonic components are antisymmetric tensor (twoform) field B^α_{MN} , scalar field σ^α, and SU(2)_R triplet of auxiliary fields X^α_{ij} = X^α_{ji}, where i, j = 1, 2. They have to come in pairs, but we will see that one of the two can be interpreted as an auxiliary field. A pair of the large tensor multiplet T^α = (σ^α, B^α_{MN} , X^{αij} ), (α = 1, 2) can have a mass term, and can carry a charge g_t for the U(1) gauge field W_M . In our model, we use a pair of the large tensor multiplet as a minimal model. By now it is well-established that the most general lagrangian for tensor and vector multiplets in five dimensions is characterized by a nonlinear kinetic term which is specified by second derivatives of a norm function N which is at most cubic in tensor and vector multiplets [17]–[19]. The invariance under the U(1)-gauge transformation with a gauge parameter Λ for this multiplet

δ(Λ)T^α = −Λg_tϵ_{αβ}T^β , (2.6)

determines this cubic term of the norm function. This allows the tensor multiplets to interact with the vector multiplet, which carries informations of the domain wall configuration. By defining M ≡ m_t − g_tΣ , (2.7)

4Our convention is ϵ12 = −ϵ21 = ϵ^{12} = −ϵ^{21} = 1. The SU(2)R indices are raised and lowered by contracting upper left with lower right indices as Y^{ij} = ϵ^{jk}Y^i_k = ϵ^{ik}Y_k^j .

– 4 – we obtain the bosonic part of our lagrangian containing tensor multiplets L_T as

L_T|_{bosonic} = M 2∑ α=1 ( − 1 4 B^α_{MN} B^{MNα} + 1 2 D^M σ^αD_M σ^α + 1 4 X^{ijα}X^α_{ij} − 1 2 M^2(σ^α)^2 ) −

− 2∑ α=1 2g_tσ^α ( 1 4 B^α_{MN} F^{MN} (W ) + 1 2 D^M σ^α∂_M Σ + 1 4 X^α_{ij} Y^{ij} ) − − 1 8 ϵ^{MNLP Q}B^α_{MN} ∂_LB^β_{P Q}ϵ_{αβ} − 1 8 g_tϵ^{MNLP Q}W_LB^α_{MN} B^α_{P Q} , (2.8) where, our convention of the space-time metric is η_{MN} = diag(1, −1, −1, −1, −1), and we omitted the auxiliary fields,^5 which are not important for our model. The mass parameters m_t and the charge g_t are arbitrary at this point. However, we will later find that one of these two parameters must be tuned to assure the expected mechanism to work. The covariant derivative D_M σ^α of the scalar field σ^α of the tensor multiplet is defined as usual

D_M σ^α = ∂_M σ^α − g_tW_M ϵ_{αβ} σ^β . (2.9)

The five-dimensional lagrangian L_{total} = L_{wall} + L_T given in (2.2) and (2.8) together with its fermionic terms are invariant under the five-dimensional SUSY transformation (with eight supercharges) . It contains kinetic terms of the 2-form tensor fields B_{MN} , as well as other fields.

Let us rewrite the lagrangian (2.8) by integrating out the auxiliary field, X^α_{ij} and considering fluctuations around the vacuum expectation values. An equation of motion for the X^α_{ij} can be read as M X^α_{ij} − g_tσ^αY_{ij} = 0 . (2.10) The equations of motion of the scalar σ^α are

0 = D^M (MD_M σ^α) + σ^α∂^M ∂_M M + M^3σ^α + 1 2 g_tB^α_{MN} F_{MN} (W ) + 1 2 g_tX^α_{ij}Y^{ij} . (2.11)

These equations are consistent with

⟨σ^α⟩ = ⟨B^α_{MN} ⟩ = ⟨X^α_{ij} ⟩ = 0 , (2.12)

which can also be derived from the requirement of the BPS condition preserving half of the eight SUSY. Namely the BPS wall solution (2.4) or (2.5) of the lagrangian L_{wall} is not disturbed by adding the tensor multiplet to the system.

The quadratic terms of the fluctuations of the fields around the background (2.5), (2.12) can be read as

L_T|_{bosonic} =⟨M⟩ 2∑ α=1 ( − 1 4 B^α_{MN} B^{MNα} + 1 2 ∂^M σ^α∂_M σ^α ) − 2∑ α=1 1 2 ( ⟨M⟩^3 +

(⟨M⟩^′)^2 ⟨M⟩ −⟨M⟩^{′′} ) ×

× (σ^α)^2 − 1 8 ϵ^{MNLP Q}B^α_{MN} ∂_LB^β_{P Q}ϵ_{αβ} + 2∑ α=1 ( − 1 2 ⟨M⟩^′(σ^α)^2 )_′ + + (higher order terms of the fluctuations) , (2.13)

5They are obtained as transformations by the central charge Zσ^α, Z^2σ^α [19].

– 5 – where we used ⟨M⟩^′ = −g_t⟨Σ⟩^′ = −g_t⟨Y^3⟩. We consider only this quadratic part of the lagrangian in the following.

3. Massless localized vector field from the tensor field

3.1 A lagrangian for the 2-form tensor fields In this section, we concentrate on the kinetic term L^′_{2form} for the 2-form tensor fields

L^′_{2form} = − 1 4 MB^1_{MN} B^{1MN} − 1 4 MB^2_{MN} B^{2MN} − 1 8 ϵ^{LMNP Q}B^1_{MN} ∂_LB^2_{P Q} + + 1 8 ϵ^{LMNP Q}B^2_{MN} ∂_LB^1_{P Q} , (3.1)

where we rewrite M ≡ ⟨M⟩(y) for simplicity. This lagrangian is, so called, a self-dual lagrangian in five dimensions. Furthermore, we rewrite the lagrangian as follows

L^′_{2form} = L_{2form} + L_θ ,

L_{2form} = − 1 4 MB^1_{MN} B^{1MN} − 1 4 MB^2_{MN} B^{2MN} + 1 4 ϵ^{LMNP Q}B^2_{MN} ∂_LB^1_{P Q} , L_θ = ∂_L ( − 1 8 ϵ^{LMNP Q}B^1_{MN} B^2_{P Q} ) . (3.2)

In a space extending to infinity without boundaries, we can freely use either one of these lagrangians L^′_{2form} and L_{2form}, since total divergence term L_θ does not contribute to the action. However, we are considering a wall solution which approaches to different vacua at left and right infinities, respectively, resulting in a topologically nontrivial configuration. Moreover, the U(1) gauge invariance is spontaneously broken in the bulk. Therefore we need to decide how much total divergence terms should be included in our fundamental lagrangian.

In order to extract physics out of our model, we note that one of the two-form tensor field should be treated as an auxiliary field. For instance, by varying with respect to B^2_{MN} , we obtain the equation of motion for B^2_{MN} as

0 = −MB^{2MN} + 1 2 ϵ^{MNLP Q}∂_LB^1_{P Q} , (3.3) which allows to express B^2_{MN} algebraically in terms of B^1_{MN} . If we start from the lagrangian L_{2form}, we can derive the above equation without performing a partial integration. If we start from any other lagrangian, such as L^′_{2form} instead, we first need to add a total divergence term L_θ and obtain the lagrangian L_{2form}, so that we can derive the equation of motion (3.3). In order to interpret one of the tensor field B^2_{MN} as an auxiliary field, we decide to choose L_{2form} as our fundamental lagrangian, and denote the remaining tensor field as B_{MN} ≡ B^1_{MN} from now on.

If we consider a space-time with boundaries, for instance at y = ±πL, applying the U(1) gauge transformations (2.6) on our fundamental lagrangian gives

δ(Λ) ∫_{πL} −πL dy ∫ d^4xL_{2form} = ∫ d^4x [ g_tΛ 1 8 ϵ^{yμνρσ} ( B^1_{μν} B^1_{ρσ} − B^2_{μν} B^2_{ρσ} ) ]_{πL} −πL , (3.4)

– 6 – which vanishes if the fields are periodic (B^1_{MN} (y = −πL) = B^1_{MN} (y = πL), B^2_{MN} (y = −πL) = B^2_{MN} (y = πL)). For topologically nontrivial situations, fields are no longer periodic, and the U(1) gauge invariance are broken on the boundaries:^6 the parameter of the transformation must vanish on the boundaries (Λ(πL) = Λ(−πL) = 0). It is gauge invariant if there is no boundaries. If there is a boundary, the gauge degrees of freedom emerge as conformal field theories [21].

Since the lagrangian L_{2form} is only quadratic in B^2_{MN} , we can perform the functional integral of B^2_{MN} exactly. The quadratic part of the resulting lagrangian is now written in terms of B_{MN} ≡ B^1_{MN} only

L_{2form} = 1 12M(y) F_{MNL}(B)F^{MNL}(B) − 1 4 M(y)B_{MN} B^{MN} . (3.5) This lagrangian plays the most important role in our paper. If the mass function M(y) = ⟨M⟩ = ⟨m_t − g_tΣ(y)⟩ is a constant, this lagrangian is reduced to an ordinary kinetic term for a massive tensor field, where no massless state is contained in the tensor field. Dubovsky and Rubakov observed, however, if one takes a limit of M → +0 with B_{MN} / √ M fixed, the lagrangian is reduced to the kinetic term for a 2-form gauge tensor field, that is, a massless field [14]. In our case, the scalar field Σ(y) gives M(y) a non-trivial dependence on y, which produces a region where M(y) vanishes approximately. Therefore we can expect that the massless vector mode may exist in our system.

Now, let us examine this system in detail. By varying B_{MN} , we obtain the equation of motion of the physical field B_{MN} as

0 = ∂^L ( 1 M(y) F_{MNL}(B) ) + M(y)B_{MN} . (3.6)

To do partial integration here, a boundary condition is needed to eliminate the surface term ∫ d^4x [ δB^{μν} ( 1 M(y) F_{μνy} (B) )]_{y=∞} y=−∞ = 0 . (3.7)

We will study solutions of the equation (3.6) under the condition (3.7) in the next context.

3.2 Massless modes and localization

The most interesting and important point is the question whether the solution of the equation (3.6) contains a four-dimensional massless vector mode or not. Since we assume four-dimensional Lorentz invariance on the world volume, it is useful to introduce the momentum space p_μ, (μ = 0, . . . , 3) in four dimensions. Let us first study the massless modes p^2 = 0. In this case, it is useful to decompose four-dimensional Lorentz vectors in terms of the following basis vectors : the longitudinal component p_μ, the scalar component l_μ, and two transverse polarisation components ϵ^i_μ, (i = 1, 2), which are defined by l_μl^μ = 0, l_μp^μ = 1, ϵ^i_μp^μ = ϵ^i_μl^μ = 0, and ϵ^i_μϵ^{μj} = −δ^{ij} . By substituting these expansions of the

6This is somewhat reminiscent of the Chern-Simons theory in three dimensions [20].

– 7 – field B_{MN} to the equation (3.6), we obtain solutions as

B_{μν} (x, y)|_{massless} = ∫ d^4p (2πi)^4 δ(p^2) ( 2p_{[μ}l_{ν]}a(p)ϕ_1(y) + 2ip_{[μ}ϵ^i_{ν]}b_i(p)ϕ_2(y) +

+ 2il_{[μ}ϵ^i_{ν]}c_i(p)ϕ_3(y) + ϵ^1_{[μ}ϵ^2_{ν]}d(p)ϕ_4(y) ) e^{ipλxλ} + + ρ(y) ∫ d^4p (2πi)^4 δ(p^2)2ip_{[μ}ϵ^i_{ν]}c_i(p)e^{ipλxλ} , (3.8)

B_{μy}(x, y)|_{massless} = 1 M(y)^2 ∫ d^4p (2πi)^4 δ(p^2) ( ip_μa(p)ϕ^′_1(y) + ϵ^i_μc_i(p)ϕ^′_3(y) ) e^{ipλxλ} , (3.9) where, the four independent mode functions ϕ_a(y), (a = 1, . . . , 4) have to satisfy the same equation 0 = ( ϕ^′(y) M(y) )_′ − M(y)ϕ(y) , (3.10)

whereas another mode function ρ(y) must be determined in terms of the mode function ϕ_3(y) as 0 = ( ρ^′(y) M(y) )_′ − M(y)ρ(y) + ( 1 M(y)^2 )_′ ϕ^′_3(y) M(y) . (3.11)

If these mode functions are suitably normalizable, the corresponding four-dimensional fields a(p), b_i(p), c_i(p), d(p) are physical massless fields.

If ϕ_3(y) happens to vanish, the function ρ(y) satisfies the same equation as ϕ(y). Then there is no distinction between the field c_i(p) and the field b_i(p), and the term with ρ(y) can be absorbed into the term with b_i(p). Therefore we can define ρ(y) = 0 when ϕ_3(y) = 0, and then the field c_i(p) does not exist in that case.

The most general solution of eq. (3.10) reads

ϕ(y) = C_1e^{s(y)} + C_2e^{−s(y)} , s(y) ≡ ∫_∞ y dzM(y) . (3.12) The behavior of this solution at y → ±∞ shows that the scalar field configuration M(y) must vanish at y = ∞ or y = −∞. Otherwise, ϕ(y) (that is B_{MN} ) diverges at y = ∞ or y = −∞. Therefore, without loss of generality, we assume that

M(y) → +0, as y → ∞ , (3.13) ϕ(y) = g^{−1}_e e^{−s(y)} , (ϕ^′ = Mϕ) , (3.14)

where we denote the integration constant as g_e, since it will play a role of a coupling constant later. Note that the mode function ϕ(y) approaches the value g^{−1}_e asymptotically in the region where the background M(y) = ⟨m_t − g_tΣ(y)⟩ tends to vanish, whereas it vanishes at the opposite infinity. On the other hand, we need not solve the equation for the ρ(y), as we will find later that it does not provide physical normalizable mode.

To find out physical modes with normalizable wave functions, we will demand that the energy density T_{00} of the system to be bounded from above, since we will eventually

– 8 – consider continuum massive states as well. It is easiest to introduce spacetime metric g_{MN} temporarily and to take the flat space limit after varying the lagrangian with respect to g_{MN}

T_{00} ≡ 2 δS δg^{00} | | |_{gMN →ηMN} = [ 1 12M F_{MNL}(B)^2 + M 4 B^2_{MN} ]| | |_{ηMN →δMN} . (3.15) The result of this manipulation is that the kinetic energy density of gauge fields (the first term of the right-hand side of eq. (3.15)) is given by the sum of the square of the time derivatives F_{0μν} (electric field) and the square of the spacial derivatives F_{μνλ} (magnetic field) instead of their difference as in the lagrangian. This point is represented by replacing η^{MN} by δ^{MN} . Therefore both the first and the second term of the right-hand side of this equation is positive definite. This formula contains the following term M 2 B^2_{μy}|_{η→δ} (3.16)

and the contribution from the massless modes to this term has the following y-dependence M 2 ( ϕ^′ M^2

)_2 = ϕ^2 2M , (3.17)

where we used ϕ^′ = Mϕ, because of the solution (3.14). Clearly this term diverges at y → ∞, showing the nonnormalizability of the mode. Hence, from the requirement of the bounded energy density, c_i(p) and a(p) components of the massless modes B_{μy} in eq. (3.9) should not exist as physical fields. Therefore, the part B_{μy} of tensor field has no massless modes. Similarly, the following term contained in the energy density 1 12M F_{μνλ}(B)^2|_{η→δ} (3.18)

has the same y-dependent contribution from the d(p) component in eq. (3.8). Therefore F_{μνλ}(B) has no massless modes, that is, the d(p) component field should vanish.

Therefore, up to this point, only the mode b_i(p) remains as a candidate of normalizable massless mode of the system. This mode corresponds to the four-dimensional massless vector field A_μ(x) which we anticipated. eq. (3.8) implies that the contribution of the component field b_i(p) to the tensor field B_{μν} can be expressed in terms of the field strength F_{μν} (A) = 2∂_{[μ}A_{ν]} of a vector potential A_μ and the function ϕ(y) as

B_{μν} (x, y)|_{massless} = ϕ(y)F_{μν} (A(x)), ∂^ν F_{μν} (A) = 0 , (3.19) B_{μy}(x, y)|_{massless} = 0 . (3.20)

Let us verify that our massless filed candidate b_i(p) really gives a bounded energy density. The energy density (3.15) can now be given by a sum of the electric field ( ⃗E)_i = F_{0i}(A) and the magnetic field ( ⃗B)_i = F̃_{0i}(A) as

T_{00}(x, y) = M(y)ϕ^2(y) ( ⃗E^2(x) + ⃗B^2(x) ) ≡ f(y) 2g_e^2 ( ⃗E^2(x) + ⃗B^2(x) ) , (3.21)

where the profile f(y) of the energy density is defined as

f(y) ≡ 2g^2_e M(y)ϕ(y)^2 . (3.22)

– 9 –

The effective four-dimensional gauge coupling g_e is defined by requiring the effective fourdimensional energy which is given by integrated over y to be ∫ dyT_{00}(x, y) = 1 2g^2_e ( ⃗E^2(x) + ⃗B^2(x) ) . (3.23)

The above result (3.21) shows that this effective four-dimensional gauge coupling g_e is a topological charge, which is determined solely by the boundary condition as ∫_∞ −∞ dy2M(y)ϕ(y)^2 = ∫_∞ −∞ dy d dy ( ϕ(y)^2 ) = [ ϕ(y)^2 ]_∞ −∞ = 1 g^2_e

, (3.24)

where we used the equation (3.14). Thus the profile function of the energy density is normalized as ∫_∞ −∞ dyf(y) = 1 . (3.25)

We can easily find that the configuration of f(y) vanishes at y → ∞ because of M(y) → 0, and also vanishes at y → −∞ because of ϕ(y) → 0, and the region corresponding to the wall, where the configuration of M(y) ≡ ⟨M⟩ = ⟨m_t−g_tΣ⟩ varies, gives a finite contribution of f(y). This behavior of the energy density illustrate that the four-dimensional massless vector field A_μ is localized on the wall as the solution of the equations of motion for the tensor multiplets.

To illustrate this localization mechanism by an explicit solution of our wall, we can take the exact solution (2.4) as an example. Since we must satisfy the condition of vanishing M(y) = ⟨m_t − g_tΣ(y)⟩ as y → ∞ (3.13), we require

0 = m_t − g_t m_h g_h

. (3.26)

We will use λ defined by m_t/m_h = g_t/g_h ≡ λ/2 > 0 together with m_h as the two independent parameters. We obtain

M(y) ≡ m_t − g_t⟨Σ⟩ = λm_h 2 (1 − tanh(m_hy)) = λm_he^{−mhy} 2 cosh(m_hy)

. (3.27)

The mode function ϕ(y) and the energy density profile f(y) are given by ϕ(y) = g^{−1}_e ( e^{mhy} 2 cosh(m_hy) )_{λ/2} , (3.28)

f(y) = λm_he^{(λ−1)mh y} 2^λ cosh^{(1+λ)}(m_hy) , f(y) → λm_h 2 e^{−2mhy} (y → ∞) f(y) → λm_h 2 e^{2λmhy} (y → −∞) . (3.29)

The profile of these functions in eqs. (3.28) and (3.29) are illustrated in figure 1 and figure 2, respectively.

To close this subsection, we have to verify that our solution satisfies the boundary condition (3.7), since the mode function ϕ(y) does not vanish on the boundary. we can easily confirm the validity, by noting δB_{μν} | | bondary

= 2∂_{[μ}δA_{ν]} , (3.30)

and by performing a four-dimensional partial integration.

– 10 – m_hy g_eϕ(y)

λ = 1

M(y)/m_h

m_hy f(y)

λ = 1

Figure 1: The mass function M(y) in eq. (3.27) and the mode function ϕ(y) in eq. (3.28).

Figure 2: The profile function f(y) of the energy density in eq. (3.29).

3.3 Mass spectrum and four-dimensional effective lagrangian To obtain not only low-energy effective lagrangian, but also the entire action on the background of our wall solution, it is necessary to work out all the massive modes. The result may also be of use in future study of the system. The basis vectors in momentum space of the massive states are three polarization vectors ϵ^i_μ with i = 1, . . . , 3 defined by p^μϵ^i_μ = 0 together with the momentum p^μ itself. We substitute momentum-expansions of the fields B_{MN} to the equation (3.6) with the assumption p^2 ≠ 0 to obtain

B_{μν} (x, y)|_{massive} = ∑ n≥1 ∫ d^4p (2πi)^4 δ(p^2 − m^2_{(n)})e^{ipλxλ} ×

× { 2ip_{[μ}ϵ^i_{ν]}c_i(p) u^′_{(n)}(y) M(y) + ϵ^i_μϵ^j_nd_{ij}(p)u_{(n)}(y) } , (3.31)

B_{μy}(x, y)|_{massive} = ∑ n≥1 ∫ d^4p (2πi)^4 δ(p^2 − m^2_{(n)})m^2_{(n)}e^{ipλxλ} ϵ^i_μc_i(p) u_{(n)}(y) M(y) , (3.32)

where the function u_{(n)}(y) is an eigenfunction of the following eigenvalue equation with an eigenvalue m_{(n)}, which serves as mass squared of the associated four-dimensional field

Ku_{(n)} = m^2_{(n)}u_{(n)} , n = 1, 2, . . . K ≡ −M(y) d dy 1 M(y) d dy + M(y)^2 . (3.33)

Note that the function ϕ(y) for the massless mode can be identified as the eigenfunction for zero eigenvalue : Kϕ = 0.

Let us also consider modes of the scalars σ^α of the tensor multiplets. The linearised equation of motion for the scalars σ^α can be read from the lagrangian (2.13)

0 = M(y)∂^μ∂_μσ^α − ( M(y)σ^{α′} )_′ − M(y)^{′′}σ^α + M(y)^3σ^α +

(M(y)^′)^2 M(y) σ^α . (3.34)

A similar argument using energy density shows that there is no massless modes in σ^α. For massive modes, this equation can also be solved by using the function u_{(n)}(y) σ^α(x, y) = ∑ n ∫ d^4p (2πi)^4 δ(p^2 − m^2_{(n)})e^{ipλxλ}σ̃^α(p) u_{(n)}(y) M(y) . (3.35)

This fact may be a result of the unbroken D = 4, N = 1 SUSY.

– 11 –

To obtain a mass spectrum of the system, let us discuss the normalization and boundary conditions for massive state. In calculating the energy density of the system in four dimensions, we encounter the following quantities,

(u_{(n)}, u_{(m)}), (ϕ, u_{(n)}), (u_{(n)}, Ku_{(m)}), . . . , (3.36)

where the inner product (u, v) is defined by, (u, v) ≡ ∫_{πL} −πL dy u(y)v(y) M(y) . (3.37)

Since we eventually need to treat continuum of states, we will assume for reguralization purposes a compact space for the extra dimension y, as −πL ≤ y ≤ πL, and we will take the limit of L → ∞ in the final stage. Therefore, the normalization of the function u_{(n)} must be defined by means of the inner product (u_{(n)}, u_{(m)}). This inner product involving the operator K in eq. (3.33) has the following property (u, Kv) = Δ(u, v) + (Ku, v) , Δ[u, v] ≡ [ − uv^′ M + u^′v M ]_{πL} −πL . (3.38)

To make the operator K hermitean (u, Kv) = (Ku, v) with respect to the inner product (3.37), we should demand that the contribution from the boundary, Δ[u, v], must vanish

Δ[u_{(n)}, u_{(m)}] = [ − u_{(n)}u^′_{(m)} M + u^′_{(n)}u_{(m)} M ]_{πL} −πL = 0 , (3.39)

Δ[ϕ, u_{(n)}] = [ −ϕ ( u^′_{(n)} M − u_{(n)} )]_{πL} −πL = 0 . (3.40)

Eq. (3.40) means that the massless mode is orthogonal to the massive modes. This is satisfied if the boundary conditions of the eigenfunction u_{(n)} are given by

B_{(n)}(πL) = B_{(n)}(−πL) = 0 , B_{(n)}(y) ≡ u^′_{(n)}(y) − M(y)u_{(n)}(y) . (3.41)

These boundary conditions are also enough to satisfy eq. (3.39). With these conditions, the inner products of the eigenfunctions can be normalised as

(u_{(n)}, u_{(m)}) = δ_{n m} , (ϕ, u_{(n)}) = 0 . (3.42)

On the other hand, the normalization of the massless mode function ϕ(y) is performed by ∫_{πL} −πL dyMϕ^2 = 1 2 [ ϕ^2 ]_{πL} −πL ≡ 1 2g^2_e

, (3.43)

which we found in section 3.2 as the contribution from the massless mode to the energy density. In fact, we find a divergent result (ϕ, ϕ) = ∞, if we apply the inner product (3.37) blindly also to the massless mode. We never encounter this quantity in calculating the energy density. With these normalization and the boundary conditions, we can compute

– 12 – the mass spectrum by a numerical analysis once the quantity M(y) = ⟨m_t − g_tΣ(y)⟩ is given. In the case of our exact solution (3.27) with λ = 1, we can solve the equation (3.33) exactly and find the exact mass spectrum

m_{(n)} = √ m^2_h + ( n 2L )_2

, n = 1, 2, . . . , (3.44)

which will be derived in the appendix. In this case, we can explicitly see that the massless mode is always isolated from the massive mode even in the limit of L → ∞, because of the mass gap. We expect that this desirable property will persist with other values of couplings and other configurations of the M(y).

Let us also describe the four-dimensional effective lagrangian of the system to the second order of the fluctuations. Assuming that above mode functions ϕ(y), u_{(n)}(y) form a complete set to expand a function of y, we obtain expansions of the tensor fields B_{MN} and the scalar fields σ^α as B_{μν} (x, y) = ϕ(y)F_{μν} (A(x)) + ∑ n≥1 ( u^′_{(n)}(y) m_{(n)}M(y) F_{μν} (A^{(n)}(x)) + u_{(n)}(y)C^{(n)}_{μν} (x) ) ,

B_{μy}(x, y) = ∑ n≥1 m_{(n)} u_{(n)}(y) M(y) A^{(n)}_μ (x) ,

σ^α(x, y) = ∑ n≥1 u_{(n)}(y) M(y) σ̃^α_{(n)}(x) . (3.45)

Substituting this expansion to the lagrangian, the quadratic terms of the four-dimensional effective lagrangian can be read as

L^{eff} = L_{boundary} + ∑ n≥1 L^{(n)}_{massive} + L_{interactions} . (3.46)

The first term is a contribution from the boundaries

L_{boundary} = − 1 4 ϕF_{μν} (A) + ∑ n≥1 ( u_{(n)} m_{(n)} F_{μν} (A^{(n)}) + u_{(n)}C^{(n)}_{μν} ) 2 πL

−πL , (3.47)

where we used the boundary conditions. The second term corresponds to the kinetic term for massive states

L^{(n)}_{massive} = − 1 4 F_{μν} (A^{(n)})^2 + m^2_{(n)} 2 (A^{(n)}_μ )^2 + 1 12 F_{μνλ}(C^{(n)})^2 − m^2_{(n)} 4 (C^{(n)}_{μν} )^2 + + 1 2 ∂^μσ̃^α_{(n)}∂_μσ̃^α_{(n)} − m^2_{(n)} 2 (σ̃^α_{(n)})^2 . (3.48)

The L_{interactions} contains interactions which we do not consider here. If we take a limit of L → ∞, we find that the term L_{boundary} reduces to the kinetic term of the massless vector fields L_{boundary} → L_{massless} = − 1 4g^2_e

F_{μν} (A)^2 , (3.49)

where, we used u_{(n)}(y) ∼ 1/ √ L at y = ±πL and thus, the values of u_{(n)} on the boundaries vanish in this limit.

– 13 –

4. Four-dimensional Coulomb law

As we explained in section 3, we demonstrated that the four-dimensional massless vector field A_μ generated from the solution of the tensor field B_{MN} is localized on the BPS domain wall in this system. It is interesting and important to identify particles carrying the charge for the gauge transformation δA_μ = −∂_μΛ of this massless localized vector field, which is not available in our present system. We expect that the gauge field A_μ(x) may be similar to the electromagnetic dual of the fundamental vector field W_M in our model. The fundamental vector field W_M is the gauge field of the other U(1) gauge transformation (2.6) broken by the wall solution. Thjerefore we shall call the source for the fundamental vector field W_M as “electric” and the source associated to the tensor field B_{MN} as magnetic. In ref. [13], the model is embedded into an N = 2 SUSY SU(2) gauge theory in four dimensions from the beginning. Therefore they were able to identify the source of the magnetic charge by incorporating classical solutions such as the Abrikosov-Nielsen-Olesen magnetic flux tube. In this way, they were able to show that the flux carried by the Abrikosov-Nielsen-Olesen magnetic flux tube becomes the source of the massless localized vector field that they found. In a similar spirit, it is an interesting and challenging task to generalize our model to non-abelian gauge group such that the source of our massless localized vector field may be constructed as a classical solution, such as monopoles. Since we have not yet succeeded in building such a generalization, we will show only that our massless localized vector field does exhibit the four-dimensional Coulomb law between sources which we introduce here as external sources.

Let us introduce a source T^{MN} (x, y) for the tensor field B_{MN} L = 1 12M F_{MNL}(B)F^{MNL}(B) − M 4 B_{MN} B^{MN} + 1 2 B_{MN} T^{MN} . (4.1)

The equation of motion for the tensor field now reads ∂^L ( 1 M F_{MNL}(B) ) + MB_{MN} = T_{MN} . (4.2)

By taking divergence, we obtain a source corresponding to the magnetic charge current J̃ M (x, y) which is now introduced as an external source [14]

∂_N (MB^{MN} ) = ∂_N T^{MN} ≡ −J̃^M , ∂_M J̃^M = 0 . (4.3)

If we introduce the magnetic source J̃^M (x, y) on the wall near y = 0, but not in the bulk, it is reasonable to assume that the background is not disturbed by the source, and that only the massless mode is excited as in eq. (3.19) B_{μν} (x, y) = ϕ(y)F_{μν} (A(x)) , B_{μy}(x, y) = 0 . (4.4) The corresponding source T_{MN} for the tensor field can be read from the equation of motion (4.2) T_{μν} (x, y) = 0 , T_{μy}(x, y) = ϕ(y)∂^ν F_{νμ}(A(x)) . (4.5)

– 14 –

Then eq. (4.3) implies the following distribution of the magnetic charge current J̃_M (x, y)

J̃_μ(x, y) = ϕ^′(y)∂^ν F_{νμ}(A) , J̃_4(x, y) = ∂^ν T_{νy} = 0 . (4.6)

Now we can view the first equation as the usual equation for the source exciting our massless gauge field ∂^ν F_{μν} (A(x)) = −g^2_e J_μ(x) , (4.7)

where the source current for our gauge field J_μ(x) is defined in terms of the magnetic source current J̃_M (x, y) as

J̃_μ(x, y) = g^2_e ϕ^′(y)J_μ(x) , J̃_4(x, y) = 0 . (4.8)

We can see that this configuration is consistent with the precondition of putting the magnetic source on the wall, since the function ϕ^′(y) = M(y)ϕ(y) is localized on the wall. If we take a static point source for the massless localized vector field J_μ(x) = δ^0_μδ^3(x), we can easily see from the above eq. (4.7) that four-dimensional Coulomb law of the usual minimal electromagnetic interaction is reproduced.

On the other hand, the source T_{MN} (x, y) for the tensor multiplet which causes this configuration is given by

T_{μν} (x, y) = 0 , T_{μy}(x, y) = g^2_e ϕ(y)J_μ(x) . (4.9)

It is interesting to note the field ϕ(y) approaches a nonvanishing constant value asymptotically as illustrated in figure 1. This behavior of the tensor field source T_{μy}(x, y) appears to suggest a certain flux coming out of the brane to positive infinity y = ∞. However, we believe that this should be a fictitious flux like a Dirac string for a monopole, since the energy density corresponding to the massless vector excitation is localized around the wall, as shown in eq. (3.21). If we wish to place the magnetic source J̃^M (x, y) in the bulk, we need to take into account of the deformation of the background due to the presence of the magnetic source [14]. We wish to investigate the nature of the massless vector field and its coupling further in subsequent publications.

5. Discussion

We can extend our mechanism for a massless localized gauge field on a wall to an arbitrary space-time dimensions, provided we ignore SUSY for the moment. Suppose that we have the same bosonic lagrangian as our lagrangian L_{wall}|_{bosonic} in (2.2) to build a wall in arbitrary D space-time dimensions. Let us add the following lagrangian for a (D − 3)-form field B_{μ1···μD−3} instead of eq. (3.5) in five dimensions

L_{(D−3)form} = 1 2(D − 2)!M F_{μ1···μD−2} (B)F^{μ1···μD−2} (B) − M 2(D − 3)! B_{μ1···μD−3} B^{μ1···μD−3} , (5.1) L_{total} = L_{wall}|_{bosonic} + L_{(D−3)form} . (5.2)

– 15 –

We expect that the same mechanism may be operative in this system as well: namely a massless localized D − 4 form field A_{μ1···μD−4} is likely to be contained in the D − 3 form field B_{μ1···μD−3} as B_{μ1···μD−3} (x, y) = ϕ(y)(D − 3)∂_{[μ1} A_{μ2 ···μD−3]}(x), where ϕ(y) is a mode function of the massless form field. However, we should note that it may or may not be realized with SUSY, since the constraint of SUSY in higher dimensions are quite severe. We can think of the above lagrangian just a bosonic model without SUSY, although it is motivated from SUSY models. The electromagnetic dual field of the fundamental vector field W_M in D dimensions should be a D − 3 form, and the electromagnetic dual of W_M in D − 1 dimensions should be a D − 4 form. Therefore the fundamental D − 3 form field B and its massless localized component of D − 4 form field A precisely possesses the expected degree of forms.

Let us finally list some of open problems for future research.

It is most desirable to be able to obtain charged fields which interact with our massless localized gauge field. This may be achieved by introducing a non-abelian generalization of our model. Therefore it is an interesting open problem to make our model non-abelian, such as SU(2). This might answer the question whether our massless localized gauge field is really an electromagnetic dual of the fundamental gauge field. It may hopefully lead to more realistic model building with the N = 1 SUSY standard model matter content [23].

It would be interesting to understand more deeply the symmetry or topological reason for the existence of massless localized gauge field.

We had to make one fine-tuning among parameters of the hypermultiplet and tensor multiplet (3.13) or (3.26) to obtain a massless localized gauge field. It is also an interesting open question to understand or explain this fine-tuning from other argument. If this question can be addressed successfully, it may also be possible to fix other parameters of our model, such as λ/2 ≡ g_t/g_h = m_t/m_h.

It should be straight-forward to embed our system into supergravity in five dimensions [19, 16, 22]. Then there are of course interesting questions to be explored, such as the fate of graviphoton.

Although we have obtained the four-dimensional gauge coupling as a topological charge, it can still be compatible with the concept of running coupling due to quantum effects. We can draw an interesting analogy to the fact that the masses of the BPS magnetic monopole and dyon are characterized as topological charge, which appear as the central charge in the SUSY algebra. The exact solution of the N = 2 SUSY gauge theories [24] demonstrated explicitly that these topological charges receive interesting nonperturbative effects from quantum loops. It is a challenging future problem to consider quantum effects in our theory.

Acknowledgments

One of the authors (N.S.) acknowledges a useful discussion of gauge field localization and tensor multiplet with E.Kh. Akhmedov, Bernard de Wit, Gia Dvali, Nobuhito Maru, Seif Randjbar-Daemi, and Roberto Soldati. He also thanks the hospitality of the International Centre for Theoretical Physics at the last stage of this work. This work is supported in

– 16 – part by Grant-in-Aid for Scientific Research from the Japan Ministry of Education, Science and Culture 13640269 and 01350. The work of K.O. is supported in part by Japan Society for the Promotion of Science under the Post-doctoral Research Program.

A. Massive modes

Let us consider the solution of the equation of motion for the massive mode (3.33) with the boundary condition (3.41). A canonical mode functions v_{(n)}(y) ≡ u_{(n)}(y)/ √ M may be more convenient than the original mode functions u_{(n)}(y), because of the definition of the inner product (3.37). Rewriting the equation of motion (3.33) by the canonical mode functions v_{(n)}(y), we obtain an ordinary Schrödinger equation ( − d^2 dy^2 + V (y) ) v_{(n)}(y) = m^2_{(n)}v_{(n)}(y) , (A.1)

where the potential V (y) is given by

V (y) = M(y)^2 − √ M(y) (√ M(y) )_′ M(y) ′ . (A.2)

If we use the configuration (3.27) for the quantity M(y), the V (y) can be read as

V (y) = m^2_h 4 cosh^2(m_hy) ( 2 + (1 + λ^2) cosh(2m_hy) + (1 − λ^2) sinh(2m_hy) ) . (A.3)

The potential V (y) as a function of y approaches the value m^2_h asymptotically at y → ∞, and approaches the value λ^2m^2_h at the opposite infinity. Therefore, we find that the mass gap between the massless mode and the massive mode is λm_h for the case λ ≤ 1, whereas the mass gap is m_h for the case λ > 1.

We note that the potential becomes a constant in the case of λ = 1 : V (y) = m^2_h. Therefore we can fortunately solve the equation of motion exactly and obtain the mass spectrum for λ = 1. In this case, the mass function M(y) = ⟨m_t − g_tΣ(y)⟩ is given by the

m_hy

V (y) m^2_h

λ = 1 λ = 1.5

λ = 0.5

Figure 3: The potential V (y) as a function of y for λ = 0.5, 1, 1.5.

– 17 – configuration of the vector multiplet scalar Σ in eq. (2.4) as M(y) = m_h 2 {1 − tanh(m_h(y − y_0))} > 0 , (A.4)

where we have restored an arbitrary parameter y_0 corresponding to the position of the wall. Exact solutions of the equation of motion (3.33) are given by

u_{(0)}(y) ≡ ϕ(y) = e^{mh}2^{(y−y0)} g_e(L) √ 2 cosh(m_h(y − y_0)) = √ M(y) m_hg^2_e (L) e^{mh(y−y0)} , m_0 = 0 ,

u_{(n)}(y) = C_{(n)} √ M(y) cos(m̃_{(n)}(y − y_{(n)})) , m_{(n)} = √ m^2_h + m̃^2_{(n)} , n = 1, 2, . . . ,(A.5)

where a parameter g_e(L) is defined by the normalization (3.43) and reduces to the effective four-dimensional gauge coupling g_e in the limit L → ∞, and y_{(n)}, m̃_{(n)} are arbitrary constant parameters. In this case, the quantity B_{(n)}(y) defined by eq. (3.41) is given by

B_{(n)}(y) = −C_{(n)} √ M(y) ( m_h cos(m̃_{(n)}(y − y_{(n)})) + m̃_{(n)} sin(m̃_{(n)}(y − y_{(n)})) ) . (A.6)

Thus, the boundary conditions (3.41) become tan ( m̃_{(n)}(πL − y_{(n)}) ) = − m_h m̃_{(n)}

, tan ( m̃_{(n)}(πL + y_{(n)}) ) = m_h m̃_{(n)}

, (A.7)

which determine the parameters y_{(n)}, m̃_{(n)} as

m̃_{(n)} = n 2L , y_{(n)} = L ( 2 n arctan ( 2m_hL n ) − π ) , n = 1, 2, . . . . (A.8)

Note that a massive mode corresponding to n = 0 is prohibited by the boundary condition, whereas the massless mode is permitted. Therefore the mass spectrum can be read as

m_{(n)} = √ m^2_h + ( n 2L )_2

, n = 1, 2, . . . . (A.9)

The normalization constants are found to be 1 = ∫_{πL} −πL dy u_{(n)}(y)^2 M(y) = C^2_{(n)} ∫_{πL} −πL dy^′ cos^2 ( n y^′ 2L ) = πLC^2_{(n)} . (A.10)

Thus we obtain the exact solutions for the massive modes

u_{2n}(y) = √ M(y) πL cos ( n y L − arctan ( m_hL n )) , n = 1, 2, 3, . . . u_{2n+1}(y) = √ M(y) πL sin ( (2n + 1)y 2L − arctan ( 2m_hL 2n + 1 )) , n = 1, 2, 3, . . . . (A.11)

– 18 –

References

[1] P. Hořava and E. Witten, Heterotic and type-I string dynamics from eleven dimensions, Nucl.

Phys. B 460 (1996) 506 [hep-th/9510209].

[2] N. Arkani-Hamed, S. Dimopoulos and G.R. Dvali, The hierarchy problem and new dimensions at a millimeter, Phys. Lett. B 429 (1998) 263 [hep-ph/9803315]; I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G.R. Dvali, New dimensions at a millimeter to a fermi and superstrings at a TeV, Phys. Lett. B 436 (1998) 257 [hep-ph/9804398].

[3] L. Randall and R. Sundrum, A large mass hierarchy from a small extra dimension, Phys.

Rev. Lett. 83 (1999) 3370 [hep-ph/9905221]; An alternative to compactification, Phys. Rev. Lett. 83 (1999) 4690 [hep-th/9906064].

[4] G.R. Dvali and M.A. Shifman, Domain walls in strongly coupled theories, Phys. Lett. B 396 (1997) 64 [hep-th/9612128].

[5] N. Maru and N. Sakai, Localized gauge multiplet on a wall, hep-th/0305222.

[6] Y. Isozumi, K. Ohashi, and N. Sakai, Exact wall solutions in 5-dimensional SUSY QED at finite coupling, hep-th/0310189.

[7] I. Oda, Localization of matters on a string-like defect, Phys. Lett. B 496 (2000) 113 [hep-th/0006203]; Bosonic fields in the string-like defect model, Phys. Rev. D 62 (2000) 126009 [hep-th/0008012].

[8] S. Randjbar-Daemi and M. Shaposhnikov, QED from six-dimensional vortex and gauge anomalies, J. High Energy Phys. 04 (2003) 016 [hep-th/0303247]; A formalism to analyze the spectrum of brane world scenarios, Nucl. Phys. B 645 (2002) 188 [hep-th/0206016].

[9] S.L. Dubovsky, V.A. Rubakov and P.G. Tinyakov, Is the electric charge conserved in brane world?, J. High Energy Phys. 08 (2000) 041 [hep-ph/0007179].

[10] E.K. Akhmedov, Dynamical localization of gauge fields on a brane, Phys. Lett. B 521 (2001) 79 [hep-th/0107223].

[11] G.R. Dvali, G. Gabadadze and M.A. Shifman, (Quasi)localized gauge field on a brane:

dissipating cosmic radiation to extra dimensions?, Phys. Lett. B 497 (2001) 271 [hep-th/0010071].

[12] K. Akama, An early proposal of ‘brane world’, Lect. Notes Phys. 176 (1982) 267 [hep-th/0001113].

[13] Y.-S. Duan and P.-M. Zhang, Decomposing the SU(N) connection and the wu-yang potential, Mod. Phys. Lett. A 17 (2002) 2283 [hep-th/0212229].

[14] S.L. Dubovsky, and V.A. Rubakov, On models of gauge field localization on a brane, Int. J.

Mod. Phys. A 16 (2001) 4331, [hep-th/0105243].

[15] J.P. Gauntlett, D. Tong and P.K. Townsend, Supersymmetric intersecting domain walls in massive hyper-Kähler sigma models, Phys. Rev. D 63 (2001) 085001 [hep-th/0007124]; Multi-domain walls in massive supersymmetric sigma-models, Phys. Rev. D 64 (2001) 025010 [hep-th/0012178].

[16] M. Eto, S. Fujita, M. Naganuma and N. Sakai, BPS multi-walls in five-dimensional supergravity, hep-th/0306198, to appear in Phys. Rev. D.

– 19 –

[17] N. Seiberg, Five dimensional SUSY field theories, non-trivial fixed points and string dynamics, Phys. Lett. B 388 (1996) 753 [hep-th/9608111];

D.R. Morrison and N. Seiberg, Extremal transitions and five-dimensional supersymmetric field theories, Nucl. Phys. B 483 (1997) 229 [hep-th/9609070].

[18] P.K. Townsend, K. Pilch and P. van Nieuwenhuizen, Selfduality in odd dimensions, Phys.

Lett. B 136 (1984) 38;

M. Günaydin, G. Sierra and P. K. Townsend, The geometry of N = 2 Maxwell-Einstein supergravity and Jordan algebras, Nucl. Phys. B 242 (1984) 244; Gauging The D = 5 Maxwell-Einstein supergravity theories: more on Jordan algebras, Nucl. Phys. B 253 (1985) 573;

E. Bergshoeff et al., Superconformal N = 2, D = 5 matter with and without actions, J. High Energy Phys. 10 (2002) 045 [hep-th/0205230];

[19] T. Kugo and K. Ohashi, Off-shell D = 5 supergravity coupled to matter–Yang-Mills system, Prog. Theor. Phys. 105 (2001) 323 [hep-ph/0010288];

T. Fujita and K. Ohashi, Superconformal tensor calculus in five dimensions, Prog. Theor. Phys. 106 (2001) 221 [hep-th/0104130];

T. Kugo and K. Ohashi, Gauge and non-gauge tensor multiplets in 5D conformal supergravity, Prog. Theor. Phys. 108 (2003) 1143 [hep-th/0208082].

[20] E. Witten, Quantum field theory and the jones polynomial, Commun. Math. Phys. 121 (1989) 351.

[21] S. Elitzur, G.W. Moore, A. Schwimmer and N. Seiberg, Remarks on the canonical quantization of the Chern-Simons-Witten theory, Nucl. Phys. B 326 (1989) 108; G.V. Dunne, R. Jackiw and C.A. Trugenberger, Chern-Simons theory in the Schrödinger representation, Ann. Phys. (NY) 194 (1989) 197;

M. Bos and V.P. Nair, U(1) Chern-Simons theory and c = 1 conformal blocks, Phys. Lett. B 223 (1989) 61;

Y. Hosotani, On the gauge invariance in the Chern-Simons theory on a torus, Phys. Rev. Lett. 62 (1989) 2785;

N. Sakai and Y. Tanii, Superwess-Zumino-Witten models from super Chern-Simons theories, Prog. Theor. Phys. 83 (1990) 968.

[22] M. Arai, S. Fujita, M. Naganuma and N. Sakai, Wall solution with weak gravity limit in five dimensional supergravity, Phys. Lett. B 556 (2003) 192 [hep-th/0212175].

[23] S. Dimopoulos and H. Georgi, Softly broken supersymmetry and SU(5), Nucl. Phys. B 193 (1981) 150;

N. Sakai, Naturalness in supersymmetric ‘GUTS’, Z. Physik C 11 (1981) 153; E. Witten, Dynamical breaking of supersymmetry, Nucl. Phys. B 188 (1981) 513; S. Dimopoulos, S. Raby and F. Wilczek, Supersymmetry and the scale of unification, Phys. Rev. D 24 (1981) 1681.

[24] N. Seiberg and E. Witten, Electric-magnetic duality, monopole condensation and confinement in N = 2 supersymmetric Yang-Mills theory, Nucl. Phys. B 426 (1994) 19 [hep-th/9407087]; Monopoles, duality and chiral symmetry breaking in N = 2 supersymmetric QCD, Nucl. Phys. B 431 (1994) 484 [hep-th/9408099].

– 20 –